ON MAGNETIC LEAF- WISE INTERSECTIONS 



YOUNGJIN BAE 

Abstract. In this article we introduce the notion of a magnetic leaf-wise intersection point 
which is a generalization of the leaf-wise intersection point with magnetic effects. We also 
prove the existence of magnetic leaf-wise intersection points under certain topological as- 
sumptions. 



1. Introduction 

Let {N,g) be a closed connected orientable Riemannian manifold and t : T*N ^ N he 
its cotangent bundle. We consider an autonomous Hamiltonian system defined by a convex 
Hamiltonian 

Fu{q,p) = l\pf + U{q) 

with canonical symplectic form ujgtd = dp A dq. Here {q,p) are the canonical coordinates on 
T*N, \p\ denotes the dual norm of the Riemannian metric g on N and [/ : ^ M is a smooth 
potential. This Hamiltonian system describes the motion of a particle on N subject to the 
conservative force — Vf7. 

We consider a closed energy hypersurface F^^{k) := S C T*N in an exact symplectic 
manifold (T*A^, Wstd = dX) such that (5],a := Ajs) is a contact manifold. S is foliated by the 
leaves of the characteristic line bundle which is spanned by the Reeb vector field R-£ of a. 
Let : S — 7- S be the fiow of i?s . For x G S we denote by Lx the leaf through x which can 
be parameterized as = {4>f'{x) : t S M}. If Lx is closed, we call it a closed Reeb orbit. 

If we take closed 2-form a on and consider the twisted symplectic form 

then [T* N ,uJa,Fu) is called a twisted cotangent bundle. The additionally chosen data a 
could be interpreted as a magnetic field. A 2-form u on is called d-bounded if its pull-back 
fj E il^(A^) is a differential of a bounded 1-form. In this article, we restrict ourselves to 
the case when a is (i-bounded. In order to introduce leaf-wise intersections with the above 
magnetic effect, we need the following definition. 

Definition 1.1. A magnetic perturbation m is a triple (/?, a, 0) which consists of the following 
data: 

• /3 G *B := {/? G C^{S^) : /3{t) = 0, Vt G [0, i]}; 

• o" is d-bounded; 

• 0era:={ee n^{N) ■. de = a}. 



Key words and phrases. Leaf-wise intersection point, Floer homology, Rabinowitz Floer homology, Isoperi- 
metric inequality, Symplectically hyperbolic manifold. 
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Let SOT be the set of such magnetic perturbations. We consider an S'^-parameterized sym- 
plectic form as follows 

= W/3<7 := Wstd + T*/3o-. (1.1) 

Definition 1.2. Let us denote by 

n:={H e C^{S^ X T*N) : H{t, •) = 0, Vt € [0, ^]}; 
BiS^{T*N,m) := {^p^ = € Diff(r*iV) : H eH}. 

The above diffeomorphism (p^^m is the time-l-map of the vector field X^^ which is defined by 
Lx^'i^m = dH. When m = 0, Diffc(T*A^, m) coincides with the set of Hamiltonian diffeomor- 
phisms, denoted by Hamc(T*A^). 

Definition 1.3. A point x € S is called a magnetic leaf-wise intersection point, if ipm{x) € Lx 
for a time-dependent diffeomorphism ip^ G Diffc(T*A^, m). In other words, there exists G M 
such that 

4>^Mx)) = X. (1.2) 

Note that a leaf-wise intersection point is the a = case of a magnetic leaf-wise intersection 
point. The leaf-wise intersection problem asks whether a given diffeomorphism ip has a leaf- 
wise intersection point in a given hypersurface S. If there exist leaf- wise intersections one 
can ask further a lower bound on the number of leaf- wise intersections. This problem was 
introduced by Moser in [36], and studied further inllllllTlllSlllOllIlllHIiSElElElEllMl 
[271 [28l [33] . See [5] for the brief history of these problems. In this article, we investigate the 
approaches in [3l [30] and generalize their results. 

To state the existence results, we need the following preparation. Let F : T*N ^ M be a 
Hamiltonian function. The Rabinowitz action functional : £ x M — >■ M is defined by 



:= [ u*\-r] ! F{t,u)dt. 
Jo Jo 



Here C = Ct*n '■= C°°{S^,T*N). If A^ is Morse, by the work of Abbondandolo-Schwarz 
|2] and Cieliebak-Frauenfelder-Oancea [H], we then have the following non- vanishing result 
when * 7^ 0, 1. 

FR^A )-| H-*+i(^7v), if *<0, ^^-^^ 

Here FH*(^^) is the Floer homology for A^ and Cpj is the free loop space of N. 

A leaf-wise intersection points x £ T, with respect to (p £ Hamc(T*A^) can be interpreted 
as a critical point of a perturbed Rabinowitz action functional 

Afi{u,r]) = [ u*\-ri [ F{t,u)dt- [ H{t,u)dt. 
Jo Jo Jo 

Here the additional Hamiltonian H : T*N — t- M generates (p. For a generic Hamiltonian for 
which A^ is Morse, Albers-Frauenfelder [4] constructed an isomorphism 

FH(^^) ^ FH(^^). (1.4) 
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Now we construct the action functional whose critical points give rise to magnetic leaf-wise 
intersection points. On A^, we add an additional decoration 

[ l3{t)T*e{u{t))[dtu{t)\dt. 
Jo 

Here r : r*A^ — ?> and n : 5^ — ?> r*A^ is a lifting of u. Now we define 

■Am{u, rj) = Ah^^{u, t]) := Afi{u, rf) + B^{u). 

Then the critical point (u, 77) of A^ gives a magnetic leaf-wise intersection u(^), see Proposi- 
tion [221 

Theorem 1.4. Let S C T*N he a closed hypersurface with a defining Hamiltonian F. Let 
{H, m) be a generic pair such that Am is Morse. Then FH(^n,) is well-defined. 

Theorem 1.5. Let T, C T*N be a closed hypersurface with a defining Hamiltonian F. Let 
{H,m) be a generic pair such that A^, Am are Morse. Then 

FRiA^)^FR{Am). 

By these results, if dimH*(£7v) = 00 then we have infinitely many critical points of Am- 
This implies that there are infinitely many magnetic leaf-wise intersections or a periodic one 
which means that the leaf on which it lies forms a closed Reeb orbit. We exclude the latter 
case generically, as follows. 

We call a hypersurface S C r*A^ non- degenerate if closed Reeb orbits on S form a discrete 
set. A generic S is non-degenerate, see [121 Theorem B.l]. If S is non-degenerate, then peri- 
odic leaf- wise intersection points can be excluded by choosing a generic Hamiltonian function, 
see [31 Theorem 3.3]. With the above generic Hamiltonian, Albers-Frauenfelder conclude that 
there are infinitely many leaf-wise intersection points on S, under the topological assumption 
dimH*(jCAr) = 00. 

By the above reason, we only consider non-periodic (magnetic) leaf-wise intersection points. 
In this article, a generic (Hamiltonian) diffeomorphism or a generic pair means that a certain 
action functional is Morse and there is no periodic leaf-wise intersections. Precise conditions 
are listed in Definition 12.31 Thus we conclude the following existence result for magnetic 
leaf- wise intersections. 

Corollary 1.6. Let N be a closed connected orientable manifold of dimension n > 2. Let 
Ti be a non- degenerate hypersurface in T*N. Suppose that dimH*(£Ar) = 00. // ipm € 
Diffc(T*iV, m) is generic then there exist infinitely many magnetic leaf-wise intersection points. 

In order to state the further result, we need the following notion. Let Cn be the free loop 
space of {N,g). The energy functional £g : Cjy — )• M is given by 

/■I 1 

£g{q) ■■= ^\q\ldt. 

For given < T < 00, denote by 



Note that the action functional Bm does depend on the choice of a primitive 6 and the choice of hfting u. 
For the weU-definedness of Bm, we fix a fundamental region N_C N and assume that u(0) £ TV. 
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Let S be a non-degenerate fiberwise starshaped hypersurface with a defining Hamiltonian 
F and = 't'xjj ^ Hamc(T*A^) be a generic Hamiltonian difFeomorphism. Given T > let 
us define 

nE,^(r) := #{x G T*N : (t>^{ip{x)) =x, 0<7]<T}. 

Theorem 1.7. Lei N be a closed connected oriented manifold of dimension n > 2. Let T, be 
a non- degenerate fiberwise starshaped hypersurface in T*N . Let g be a bumpy Riemannian 
metric on N with S*N contained in the interior of the compact region bounded by S. Assume 
that Lf^ € Diffc(r*iV, m) is generic. Then there exists a constant c = c{N,g,T,,ipfn) > such 
that the following holds: For all sufficiently large T > 0, 

n^,^jT) > c-rank{/, : H,(/:7v(c(r- 1))) ^ H,(£jv)}. (1.5) 

Under certain topological assumption on A^, the right hand side of ()1.5p grows exponentially 
with T. Denote by vfi(A^) the fundamental group of N modulo conjugacy classes. Then the 
connected components of Cn corresponds to the elements of 7ri(A^), hence the exponential 
growth rate of vri (N) implies that 

liminf rank{t : Ro{Cn{T)) RoiCN)} (1.6) 

has also exponential growth with respect to T, see [32]. Then the following corollary comes 
from exponential growth of (II. 6p and Theorem 11.71 

Corollary 1.8. Let N be a closed connected oriented manifold of dimension n > 2. Let 
T, be a non- degenerate fiberwise starshaped hypersurface in T*N. Suppose that tti{N) has 
exponential growth. If (pm G Diffc(T'*A^, m) is generic then ras,(p,^(T) grows exponentially with 
T. 

The main example of such N is any surface of genus greater than one. In these case, the 
magnetic field a can be chosen by the volume form of that surface. Other candidates for N are 
the symplectically hyperbolic manifolds which will be discussed in Definition 13. 1[ Proposition 
[321 

1.1. Overview. We show Theorem 11.51 by constructing an explicit map between FC(^^) 
and FC(^ni)- In this case, the main issue is a construction of the continuation map between 
two different symplectic forms by counting gradient fiow lines. These type of symplectic 
deformation problem is studied in [10]. The above construction is deduced from a certain 
type of isoperimetric inequality for a d-bounded magnetic 2-form. 

In proving Theorem 11.71 we heavily need the following result in [30]. With the same 
assumption as in Theorem ll.7l for a generic G Hamc(r*A'^), the following holds for sufficiently 
large T > 0: 

dimFH('^'^)(^^) > rank{t : H, (/:^(c(r - 1))) ^ H,(£7v)}. (1-7) 

Here FH^"'^^(^-^) is the filtered Floer homologies for and a = a{(p) > is a certain generic 
value which will not be explained here. In proving this result, Macarini-Merry-Paternain used 
the Abbondandolo-Schwarz isomorphism, the Morse homology theorem and a continuation 
map between a concentric family of fiberwise starshaped hypersurfaces, see [301 Section 4.2]. 
Especially, the authors use a certain version of Rabinowitz action functional A-^ , see Section 
13.21 The additional data / in A-^ is crucial in constructing the latter continuation map. 

In this paper, we consider Am a certain variant of A^ with respect to the 5^-parameterized 
symplectic form ujm in p.ip . Magnetic leaf- wise intersections arise as critical points of Am. 
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We construct again a continuation map between FC^*'^\Ai) and FC(*'^)(^-^). With this 
continuation map, we can compare the growth rate of dimFH^*'^^(^4) and dimFH'-*'"^^(^-^) 
when T — 7> oo. Finally we use the dimension estimate (|1.7|) and conclude Theorem 11.71 

1.2. Organization of the paper. This paper is organized as follows: In Section[2l we show 
that FH(^m) is well-defined and construct a continuation map between FC(^^) and FC(^nt). 
In Section [3l we define Am and check the well-definedness of the filtered Floer homology of 
AL Then we construct a continuation map between the filtered Floer homologies of A-^ and 
Am in a certain action window. In Appendix IX\ and iBj we study the generic properties of Am 
with respect to /3 G 03. 

Acknowledgement: I am grateful to my advisor Urs Frauenfelder for fruitful discussions 
and detailed comments. The author is supported by the Basic research fund 2010-0007669 
funded by the Korean government. 

2. A PERTURBATION OF THE RABINOWITZ ACTION FUNCTIONAL 
Let us begin with the defining Hamiltonian F of S = F^^{k) C T*N 

F{t, x) = Fu,kAt, x) := p{t){Fu{x) - k). (2.1) 

Here p : satisfies 

^ p{t)dt = 1 and supp(p) C (^0, . (2.2) 

Therefore, the Hamiltonian vector field satisfy 

XF{t,x) = p{t)XF,r-k{x) = p{t)XFu{x). (2.3) 

Definition 2.1. Given a fiberwise starshaped hypersurface S C T*N, 

P(S) := {F e C°°{T*N) : F~^(0) = S, Xf\e = Rs, Xf is compactly supported }. 

We call such Hamiltonians defining Hamiltonians for S. 

Now, let T, C T*N be a closed hypersurface with a defining Hamiltonian F € ^(S). Let 
m = {I3,a,9) be a magnetic perturbation on T*N. Given (pm = (j^x'^ ^ ^^^c(T* N,m), recall 
that the perturbed action functional Am ■ C^{S^ ,T* N) x M — t- R defined as follows 

Am{u,r])= [ u*X-r] [ F{t,u{t))dt- [ H{t,u{t))dt+ [ ^{t)T*9mt))[dtu{t)]dt. 
Jo Jo Jo Jo 

Critical points of Am satisfy 

dtu = i]XF{t,u)+XJ^{t,u) \ 

F{t,u)dt = 0. / ^ ^ ^ 

For convenience, 

Crit(^m) := {w = (n,?/) G £ x M : {u,r]) satisfies ([23])}; 
Crit('^'')(^n,) := {{u,v) G Crit(X) : Am{u,i]) G (a, 6)}. 

In the following proposition we interpret the critical point as a magnetic leaf-wise intersection 
point as in Definition 11.31 



YOUNGJIN BAE 



Proposition 2.2. Let {u,r]) € Crit(^n^). Then x = satisfies ipm{x) G L^, where (p„ 

(p^m ■ Thus, X is a magnetic leaf-wise intersection point. 



Proof. For t e [0, i] we compute, using H{t, •) = for all t < ^, 

:{Fu){u{t)) = dFu{u{t)) ■ dtu 



It' 

= dFu{u{t)) ■ [r, XF{t,u) +X^{t,u)] = 0, 

=p{t)XF^{u) =0 

since dFu{Xp^) = 0. Hence Fij{u[t)) = c for some constant c when t Thus, 

0= /" F{t,u)dt= [ p{t){Fu{u{t))-k)dt = c-k. 
Jo Jo 

Therefore Fij{u{t)) = k and since F^^{0) = S, we have u{t) G S for t € [0, i]. In particular. 



n(i),M(0) = n(l) G S. 



For t G 1] we have F{t, •) = 0. Thus, the loop u solves the equation dtu = X^{t,u) on 
1], and therefore, u(l) = ipm{u{^)). We conclude that (pm{u{^)) G S. For t G [0, |], dtu = 
r]XF{t,u) + X^{t,u) = rjXpitju) = r]R^, since Xp]-^ = R-£. This means that (pm{u{^)) = 
n(l) = u{0) G -^u(i)- Thus 'u(^) is a magnetic leaf- wise intersection point. □ 

2.1. Floer homology for In this section, we show that FH(^n,) is well-defined. Through- 
out this section, we follow the strategy in [12] with minor modifications. 



Definition 2.3. Let S be a non-degenerate hypersurface in T*N with a defining Hamiltonian 
F. A diffeomorphism (p^ G Diffc(T*A^, m) with (^^n, = (/i^m or a pair (if, m) G 7^ x OK is called 
regular with respect to F G if 

• = "4^^ is Morse. 

• has no periodic leaf-wise intersection points. 

For a given non-degenerate closed hypersurface S, ip^ is regular for generic H GTi and /3 G 
We discuss the generic property further in Appendix lAl and [Bl 

Remark 2.4. In order to define gradient flow lines, we need an 5^-parameterized almost 
complex structure J{t) which is compatible with the 5^-parameterized symplectic form ujxn- 
This means that 

defines a S^-parameterized inner product on T*N. We denote the set of such almost complex 
structures as jTln- 

Given J{t) G J'm, we denote by VjAm the gradient of Am with respect to the inner product 

Qj{iui,fii),{u2,fi2)) := gt{ui,U2)dt + fiifi2, (2.5) 

Jo 

where {ui,fji) G T(u ,^)(/3 x M) for i = 1,2. One can check that 

v..4.(.v,) = (-^('>">(*"-.fS<'-'^-''^*''')). 
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Definition 2.5. A positive gradient flow line of with respect to J{t) G J7m is a map 
w = {u,r]) € C°^(M,£ X M) solving the ODE 

dsw{s) - VjAm{w{s)) = 0. 

According to Floer's interpretation, this means that u and r] are smooth maps u : M x — > 
T*N and 7] -.R-^R satisfying 

dsU + J{t,u){dtu-X]}{t,u)-r]XF{t,u))=0 \ 

dsi] + fiF{t,u)dt = 0. j ^ 



Proposition 2.6. If a is d-bounded then <^m|7r2(T*7V) = 0- 
Proof. First choose a map f : S'^ ^ T*N, then it suffices to show that J 



m 



= / Wstd + T*l3a 
f(S^) Jf(S^) 



Wstd + 13 cr 



dX + (3 I a 



A + /3 / d9 

9/(S2) JrofiS^) 



9ro/{S2) 



= /3 
= 0. 

Here : 5^ ^ iV is a lifting ofro f : ^ N. □ 

Theorem 2.7. Let Wn = {un,r]n) be a sequence of gradient flow lines for which there exists 
a < b such that 

a < A^(^s)[wn{s)'^ < b, Vs € M. 

Then for every reparameterization sequence /i„ the sequence Wn{- + fJ-n) has a subsequence 
which converges in C^^{R,C x M). 

Proof. If we show the following analytic properties then the proof follows from standard 
arguments in Floer theory: 

(1) a uniform L°° bound on Un', 

(2) a uniform L°° bound on r]n', 

(3) a uniform L°° bound on the derivatives of u„. 

The issue (1) and (3) are well-studied in usual Floer homology theory. The L°° bound on n„ 
follows from the convexity at infinity of {T*N,ujm)- Suppose that r]n is uniformly bounded 
then the L°° bound on the derivatives of Un follows in the following way. If the derivatives 
would explode we then obtain a non-constant holomorphic sphere as limit. But by Proposition 
12.61 there is no non-constant holomorphic sphere. So we concentrate on the problem (2) in 
the following arguments. □ 
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Definition 2.8. Define a map c : 'H x 9Jt — > [0, oo) by 



c{H,m) := sup 

{t,u)£S^xC 



X^{u{t))[X^it,u)]-Hit,uit))dt 



Here Am := A + t*(39 is a primitive of uj^n on the universal cover T*N. 
We define 



X{u{t))[dtu] - H{t,u{t))dt+ /3{t)9{u{t))[dtu{t)]dt 



AH,m '■- 

and denote the action spectrum of by 
Then note that 

c{H,m) = sup{|?7| : r/ € A{Ah^J}. 

Lemma 2.9. There exists e > and c > such that if (u,r?) G C°°(5'\T*7V) x M satisfies 
\\^ .jAm{u,ri)\\j < e then 

|??| <c(|Aa(u,r/)| + l). (2.7) 



Here || • ||j = y/Qj{-, •)■ 

Proof. The proof consists of 3 steps. 

Step 1 : There exist 6 > and a constant cs < oo such that if u & C satisfies u{t) S Us 
F-^{-6, 5) for all t G [0, i], then 

\ri\ < CS i\Am{u,7])\ + \\VjAmiu,7])\\j + 1) . 



There exists 5 > such that 



We compute 
\Am{u,r])\ = 



u*X„ 



X{XF{p))>- + d, ypeUs 



u*X- / H{t,u{t))dt-i] / F{t,u{t))dt + Braiu{t)) 



XMt))[dtu - r]XF{t,u) - X^{t,u)]dt 



+ r]J X{u{t))[XFit,u)]-F{t,u{t))dt+ I Xr^{u{t))[X^{t,u)]-H{t,u{t))dt 



H{t,u{t))dt - 7] / F{t,u{t))dt 



<s 



1 



>-\r]\-c'^4dtu-X'^{t,u)-r]XF{t,u)\U-c{H,m) 
>1\V\ - c'mA^tu - X^{t, u) - r]XFit, u)\\2 - ciH,m) 



>^\v\-c',a4^jAraiu,7])\\j-ciH,m) 
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Here Am is the same as in Definition 12.81 [— ] means the hfting of [— ] to the universal cover 
and ^ := ||Am|f;^ ||oo- Set cs = max{2c^ ^, 2c(f/', m), 2} then this inequality proves Step 1. 
Note that the finiteness of ^ is guaranteed by the simple estimate as follows 

<U\u,\\oo + \\r*mu,\\oo 

= \\\\Us\\oo + \m^Us)\\-o 
<\\\\uAoo + \m\oo 

<oo. 



Step 2 : There exists e = e{6) with the following property. If there exists t € [0, |] with 
F{u{t)) > 5 then || Vj^m(n, ??) || j > e. 

If in addition F{u{t)) > | holds for all t G [0, i] then 



|VjAn(s)(^i,??)l|j > 



F{t,u{t))dt 



> 



p{t)dt = -. 







Otherwise there exists t' G [0, i] with F{u{t')) < |. Thus we may assume without loss of 
generality that 0<a<&<iand|< \F{u{t))\ < 6 for all t € [a, b]. Then we estimate 

\\VjAUu,v)\\j >\\dtU - X^{t,u) - TlXF{t,u)\\2 
fb 



>( / \\dtu-X]}{t^-r]XF{t,u)\\'dt 
=0 

> / \\dtu-r]XFit,u)\\dt 



> 



> 



1 



> 



||VF| 


oo 


1 




||VF| 


oo 


1 




||VF| 


oo 


1 




||VF| 


oo 


1 





\\VFiu)\\ ■ \\dtu-r]XF{t,u)\\dt 



\gt {V F{u),dtu - i]XF{t,u)) \dt 



\gt{VF{u),dtu)\dt 



dt 



F{u{t)) 



dt 



VF\\ 
5 



-F{u{t))dt 



2||VF||oo 

Since ||VF||oo is bounded from above, we set e{5) := min{|, — }. This proves Step 2. 
Step 3 : We prove the lemma. 
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Choose 6 as in Step 1, e = e((5) as in Step 2 and 

c = cs{e + 1). 

Assume that ||Vj^m('U5 ^)|| J < e then 

\r]\ < cs i\Araiu,r])\ + \\VjAra{u,ri)\\j + 1) < ci\AUu,r])\ + 1). 
This proves the lemma. □ 
Definition 2.10. The energy of a map w G C°°(]R, £ x M) is defined as 

/oo 
Wdswfds. 
-oo 

By a simple computation one can check that E{w) = Am{w+) — ^ni(^-)- 
Proposition 2.11. Let w±- G Crit(^m) CLn-d w = {u,rj) be a gradient flow line of Am with 

lim w(s) = w±. 

s— >itoo 

Then there exists a constant k = k,{w-,W-^-) satisfying \\rj\\oo < n. 
Proof. Let e be as in Lemma \2M For / G M, let > be defined by 

iyyj{l) := mf{uy, > : \\VjAm[w{l + < e}. 

Then is uniformly bounded as follows, 



Amiw+)-Amiw^)= I \\dsw{s)\\'ds 

\\VjAm{w{s))fjds 



-oo 
oo 



oo 

\\VjAm{w{s))fjds 

^ V ' 

Now, we set 

||F||oo = max \F{t,x)\, K = mayi{\Am{w+)\,\Amiw-)\}. 
{t,x)e5ixT*7V 

By definition of Vw{l)-, we get ||Vj^m[t(;(/ + < ^- Then we can use Proposition 12.91 

to obtain the following estimate 



HI + < ci\Am[wil + l^n,m\ + 1) 

< c{K+l). 
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< c(i^ + 1) + ||F|| 

K oo 



F{t,u{t))dt ds 



< c{K + 1) + 

The right hand side is independent of the gradient flow hne w and / G M. Let 

then this proves the proposition. □ 

Proof of Theorem \1.4\ Now we are ready to define the Floer homology of ^ni- By choosing 
a generic pair {H,m) € x Tl, we may assume that Am is Morse. Take a critical point 
w = {u,ri) of Am- Since Am is Morse, u : ^ T*N is a non-degenerate orbit. Thus we can 
associate to u a well-defined integer the Conley-Zehnder index fj,cz{u). See [l3] and [1] for 
the definition and details of the Conley-Zehnder index. 

Let us define /-f(w) := fJ-cz{u) and denote by Crit^°'''^(.Am) the set of critical points w with 
^(w) = k and a < Am{w) < b. Now we define 



FC 



{a,b), 



'{Am):=CTit[^''\Am)®Z2. 
For a generic almost complex structure J{t) G J7m and given im-i- G Crit'^'^'*^(.Am), we denote 

by _ 

7V4(w_,t(;+) := {?y(s) : w satisfies (12. 6p . lim = w±}; 

s— ^±oo 

A^(w_,'u;+) := 7W (-«;_, 

The above M-action is given by translating the s-coordinate. Suppose further that the almost 
complex structure J{t) is generic, so that A4{w-,W-^.) is a smooth manifold of dimension 

dim A4{w- , w-^-) = fi{w-) — |J,{w-^-) — 1. 
The boundary operator d : FC^"'''^(^m) F&i°'^^{Am) is defined by 



dw- 



E 



where #2 means Z2-counting. When dim A4{w- , w+) = 1 the moduli space is compactified by 
adding broken trajectories and this gives us 9o(9 = 0. In the Am case, the compactification of 
M{w-,w+) is guaranteed by Theorem 12.71 with Proposition 12. Ill Then the resulting filtered 
Floer homology group is defined by 

FBi^^'\Am 

By taking direct and inverse limit, we obtain 



R,{F&:'''\Am),d). 



FR^iAm) :=limlimFHl '''''\a„ 



a, b 



00. 
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□ 

2.2. Continuation map between FH(^^) and FH(>tn^). In this section, we construct a 
continuation liomomorphism 

: FH(^^) ^ FH(^,) 

by counting gradient flow lines of the s-dependent perturbed Rabinowitz action functional. 
Here 

m{s):={^{s)(3,a,9) (2.8) 
are s-dependent magnetic perturbation data where 7 : M — )• [0, 1] is a cut-off function 

, , f for s < 
= I 1 for . > 1 

and < 7(5) < 2 for all s G M. Then the corresponding action functional is 

where A^iu, rj) = u*X - r? /J F{t, u{t))dt - H{t, u(t))dt. 

Now we consider the (s, t)-dependent almost complex structure J{s, t) on T*N such that 
J{s,t) G i7m(s) for all s € [0,1] and J{s,t) is independent of s for s < —1 and s > 1. This 
almost complex structure induces the (s, t)-dependent inner product on T*N 

9s,t{-^ •) ■= ^m{s){- J {s,t), ■), 

and the following s-dependent inner product on £ x R 

Qs{{ui,m),{^2,fl2)) ■■= gs,t{ui,U2)dt + fjifl2, (2.9) 

Jo 

where {ui,fji) G T(^^^^-^[C x M) for i = 1,2. With the above metric, we obtain 



„) = ( -J{s,t,u){dtu - r]XF{t,u) - X'^'^^\t,u)) 
^ V -J,'F{t,u)dt. 



(2.10) 



Then the gradient flow line w = {u,r]) G C~(M x S\T*N) x C°°(M,M) satisfies 

dsu + J(s, t, u) [dtu - rjXpit, u) - X^^'^ {t, u)) = 1 
dsV + lo F{t,u)dt = 0, J 

with energy 

/oo 
\\dswf,ds. 
-oo 

In order to construct the continuation homomorphism it suffices to show that the 
Lagrange multiplier rj and the energy of the time-dependent gradient flow line are uniformly 
bounded. For this purpose, we need the following preparations. 

Lemma 2.12. There exists e > and c > such that if (n, ?/) G C°°{S'^,T*N) x M satisfies 
l|VsAn(s)(^i>??)lls < e then 

\rj\<c{\Amis){u,v)\ + l)- (2.11) 

Here || • \\s := y^Qs{-, •)• 

Proof. The proof is basically the same as in Lemma 12.91 by considering m(s) instead of m. 
Here we omit the proof. □ 
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Definition 2.13. For a given magnetic perturbation m = {/3,a,6), an isoperimetric constant 
C : 9Jt [0, oo) is defined by 

C = C{m) := ||/3||oo||^||oo. 

Note that C ^ as ||/3||oo ^ 0. 

Proposition 2.14. Let W- G Crit(^^), w+ G Crit(^m) and w = {u,ri) be a gradient flow 
line of Afn{s) with limj,_>.±oo ""^ = w±. // ||/3||oo is sufficiently small then there exists a constant 
K = K.{w-,w^) such that 

WvWoo < 

Proof. We prove the proposition in 3 steps. 

Step 1 : Let us first bound the energy of w in terms of ||?/||oo- 



E{w) 



Id^wW^ds 



-oo 
oo 



{dsw, VsA^(^s) iw{s)))sds 



-oo 

~ d 



, ds 



■^mis){w{s))ds - A^^s){w{s))ds 



^■Am{l){w+) - Am{0){w^) - / Am{s){w{s))ds. 



(2.12) 



We estimate the last term in (j2.12p by using the isoperimetric constant C 



Anis)iw{s))ds 



< 



■Am{s)(.w{s)) 



ds 



7(s) 



-CXD 
OO 



u*(3{t)edt 



ds 



< I j{s)C I ^ \dtu\s,tdt ds. 



(2.13) 



Here | • \s^t '■= \/gs,t{'-, •)■ From the gradient flow equation (j2.10p . we get 



dtu = J{s, t, u)dsU + ijXpit, u) + X'^^\t, u). 



(2.14) 
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By inserting (j2.14p into the last term in (j2.13p . we then obtain 

/oo roo p 

'^m{s){w{s)) ds < i{s)C 1 \dtu\s,tdt ds 
-oo J —oo J 

= [ 7(s)C / \J{s,t)dsU + 7jXF{t,u) + X]^-'\t,u)\s,tdt ds 

<2 

<2C j^^ {\dsul,t + \i^\\XF{t,u)\s,t + \X'^^'\t,u)\s,t) dt ds (2-15) 

<2C j' I ^ {\dsu\lt + 1 + |??|||X^||oo + ll^^^'^lloo) dt ds 

=2CE{u) + 2C + 2dmC + 2\\r]\\oodFC 
<2CE{w) +2C + 2dmC + 2|l7/||oodFC 

where d^ = dH,m ■= sup^gjR ||oo, dp = ||^ f||oo- 

Now by combining the above estimates (|2.12|) and (j2.15p . we deduce 

/oo 
'^mis)iw{s))ds 
-oo 

<^mii){w+) - ^m{o){w^) + 2CE{w) + 2C + 2dmC + 2\\r]\\oodFC. 

If ||/3||oo is sufficiently small, then we may assume that C < ^. Set A := A^(^i){w+) — 
Am{o){'^-): then we get 

E{w) <2A^^i){w+) - 2Ara(o){w^) + 4:C + AdmC + AWriW^dpC 
=2A + 4C + U^C + ^r^WoodpC. 

This finishes Step 1. 

Step 2 : Let e be as in Lemma [231 For / € M let > be defined by 

Uyj{l) := inf {i/ > : || Vs^^(z+,,) + z^))||s < e} • 
In this step we bound in terms of \\r]\\oo for all / G i? as follows 

/oo 
\\dswf,ds 
-oo 



(2.17) 



(2.16) 




Step 1 and the above estimate finish Step 2. 
Step 3 : We prove the proposition. 



>e2 

2, 



First set 



K = max{-^„(o)(u;-),^n,(i)(u;+)} 
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By the definition of we get W'^ s'^m[i+iyu,{i)]['w{l + ^m;(0)]IIs < ^) wliich enables us to use 

Lemma [2. 121 We obtain the following estimate by using (j2.1ip . ()2.15p and (j2.16p 



<c{ K + 



A, 



m(s) 



ds + l 



<c {K + 2CE{w) +2C + 2d,^C + 2||r/||oodFC + 1) 
<c[K + 2C(2A + + 4dmC + 4||77||oo(iFC) 
+ 2C + 2dmC + 2\\r]\\^dFC + l] . 

By Step 2 and (|2.16p . we get the following inequalities 



T]{s)ds 







< 






Ji Jo 



F{t,u{t))dt ds 



<\\F\\oo'^yj{l) 

<\\F\ ^^"^ 



OO n 



-(2A + + Mr^C + 4:\\r]\\^dFC). 



Combining the above two estimates ()2.18p and (j2.19p . we conclude the following 



f]{s)ds 



(2.18) 



(2.19) 



<c[K + 2C(2A + 4C7 + M^C + 4||?7||oo(iFC) + 2C + 2dmC + 2\\rj\\oodFC + l] 
+ M|2£(2A + 4C + Ad^C + AM^dpC) 



ScdpC + 2cdF + 4 



dp 



c\\v\\ 



F\ 



+ c[K + 2C(2A + 4C + 4d,„C) + 2C + 2d^C + l] + ^^(2A + 4C7 + 4dn,C) . 



Since the above estimate is valid for all / € 



1 



moo < Kl\\7]\\^ + -H. 



If we choose /3 € 55 such that the induced isoperimetric constant C additionally satisfies 

C <- and Ki<- (2.20) 
- 4 2 ^ ^ 

then finally we conclude 



1^1 



< K. 



(2.21) 



This proves the proposition. 



□ 
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Lemma 2.15. With the same assumptions as in Proposition 12. 14"! let a = A„-i^q-^{w-), b = 
^m(i)(^+)- Then the following assertion meets: 

(1) If a > i, then 6 > §; 

(2) If 6 < -i, then a < |. 

Proof. By Proposition 12. 141 the Lagrange multiplier rj of the gradient flow line is uniformly 
bounded as follows 

Ihlloo < 2c[K + 2C(2A + 4C + 4dmC) + 2C + 2d^C + l] + ^**'^j*°° (2A + AC + M^C). 

Recall that K = max{— a,6} and A = 6 — a. From the fact that E{w) > and (|2.16p . we 
obtain the following inequality 

b>a-2C-2drnC-2\\r]\\oodFC. (2.22) 

Now recall that the isoperimetric constant C was given by ||/3||oo||^||oo- By choosing /3 E 53 
with a sufficiently small Loo-norm, we may assume the following conditions: 

cdFC< — ; 
- 32 



e J - 128' 
1 + dn + 2cdF + 4:cdFC{l + d,,, + A C + 4 dmC) 



(2.23) 



8dF\\F\\^C ^^ , ^ \ 1 
^ (l + dm)|C< — . 



Then ([2:22|) becomes 

b>a-2C- 2d^C - 2\\r]\\^dFC 

>a-2C- 2dmC -4(^c[K + 2C{2A + AC + Ad^C) + 2C + 2d„,C + l] 

+ i^(2A + AC + Ad^C)^ dFC 
=a-AcdFCK-8 (2cdF C + MEhA ^ A - 2 ("^^^^^(1 + d^) ^^''^^^ 



+ l + d^ + 2cdF + AcdFC{l + d^ + AC + Ad^C)jC 

>a - -K - —(b -a) - —. 
- 8 16^ ^36 

To prove the assertion (1), we first consider the case 

1 

|6| < a, " - g- 
In this assumption, we induce the following estimate from (j2.24p 
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Now we want to exclude the case 

1 

-b> a> -. 
- - 9 

But in this case ()2.24p impUes the following contradiction: 

11 1 /, X 1 1 

6>-H (b-a) > (b - a) > 0. 

- 9 72 16^ ^ 36 - 16^ ^ 

This proves the first assumption. To prove the assertion (2), we set 

b' = —a, a = —b. 

Then ()2.24p also holds for b' and a' . Thus we get the following assertion from (1) 

, 1 b 
-b> - ^ -a> — 
- 9 - 2 

which is equivalent to the assertion (2). This proves the lemma. □ 

Proof of Theorem \1.5[ Recall the perturbation data m is a triple which consists of {(3, a, 9). 
First we subdivide /3 G 5S into small pieces to have the following properties: 

• = (d'/3, a, 9), where = cP < < ■ ■ ■ < = 1; 

• : ^ X IK ^ is Morse for ah i = 0, 1, . . . , iV; 

m C' = {d'+^ - (i*)||/3||oo||o-||oo satisfies (12:2(1 . (l2:23D for alH = 0, 1, . . . , iV - 1. 
Since the Morse property is generic, we can guarantee the second property. Let m*(s) = 
(7(5) (d*"*""^ — c?*)/3, cr, 9) be a homotopy from m* to m*"^^. Now we consider a gradient flow line 
■w = {u,r]) oi the time dependent action functional ^mi(cj) which satisfies 



dsU + J{s,t,u){dtu-X'J^'^'\t,u)-riXFit,u)) =0 
dsr] + F{t,u)dt = 0, 



(2.25) 



and the limit condition 

lim wis) = W- € Cicit(Arai), lim w(s) = W-l. £ Crit(^n^i+i). (0 26) 

We then define a map 
given by 

Here ^2 means the Z2-counting and 

M^i^\w-,w+) = {w = {u,r]) : w satisfies (12:251) . (12:261) }. 

By Proposition 12.61 {T* N , uj^^i [s)) is symplectically aspherical for all s € M. So there is 
no bubbling. Thus it suffices to bound the energy E{w) = f^^\\w\\1ds and the Lagrange 

multiplier rj in terms of W-,W-^. for the compactness of {w^,w^). By the above 3rd 

condition for /? € we can use the argument of Proposition 12.141 Especially ()2.16|) . (j2.2ip 
implies that the energy of time-dependent gradient flow lines are uniformly bounded. 

E{w) <2A^(^i){w+) - 2Ara(o){w^) + 4C + M„C + AlMoodp C 

<2^n,(i)(i(;+) - 2Arn(o){w-) + 'iC + idmC + 4:Kiw-,w+)dF C. 
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Now, by virtue of Lemma l2.151 we obtain maps for a < — | and b > ^ 

defined by counting gradient flow lines of A^i^^^y Since the continuation maps '^"'^^ com- 
mute with the boundary operators, this induces the following homomorphisms on homologies 
as follows 

By taking the inverse and direct limit 



FH,(^^0 = lim lim Fh1"'*^(^. 

6--i>oo a—i-— oo 

we deduce 



By juxtaposing {'I'JJIi^^li^O' obtain 

: FH(^^) ^ FH(A 



Here = ^JJ|jv-i o • • • o o ^|JJo- In ^ similar way, we construct 

^n, : FH(^^) ^ FH(^^), 

by following the homotopies in opposite direction. By a homotopy-of-homotopies argument, 
we conclude o = idpjjj-^^F-) and o vj/j^ = idpH(y^„)- Therefore is an isomorphism 

with inverse D 

Proof of Corollary \1.6[ In Theorem 11.51 we have the continuation isomorphism as follows 

:FH,M^) ^FH,(^^). (2.27) 

Since we assume that dimH^.(>C7v) = oo, (ll.Sp . (II. 4p imply that dimFH*(>ln^) = oo and 
consequently the Morse function Am has infinitely many critical points. Now Proposition 12.21 
implies that there exist infinitely many magnetic leaf-wise intersections or a period leaf-wise 
intersection. But, by Theorem IB. 11 the latter case can be excluded for a generic /3 G 55. 
Hence there exist infinitely many magnetic leaf-wise intersections. □ 

3. On the growth rate of magnetic leaf-wise intersections 

In j30j , Macarini-Merry-Paternain prove the exponential growth rate of leaf- wise intersec- 
tions with respect to the period when tti{N) grows exponentially. Recall that 7fi(A^) is the 
fundamental group of N modulo conjugacy classes. 

3.1. Symplectically hyperbolic manifolds. In this section, we investigate the examples 
and the candidates for the above topological assumption. 

Definition 3.1. Let (NjCOn) be a closed symplectic manifold of dimension 2n. If the sym- 
plectic form un is d-bounded, then {N,ujj\f) is called symplectically hyperbolic. 

Proposition 3.2 (Kedra [29j). Let {N,uj]\f) be a symplectically hyperbolic manifold then 
iTi{N) grows exponentially. 
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Proof. The proof consists of 2 steps. 

Step 1 : 7ri(A^) has exponential growth if and only if a ball in N grows exponentially with 
respect to the radius. 

Let us choose a Riemannian metric g on N and a base point xq G N. Then we define 
Ig : 7ri(iV,xo) by 



lgis)=mi\ / \q{t)\gdt 



■.[0,1]^ iN,xo), [q]=s £TriiN,xo)}. 



Now we let {N,ojn) be the universal cover of (A^, wat) and g be the Riemannian metric lifted 
from g. Take a fundamental region N_ C N with the base point xq £ N_ which is a lift of xq. 
If we consider the following set 

i?,,(jV)(T) = i?,,(^,^,,,)(r) := {s G ^i(iV,xo) : lg{s) < T}. 

Then each s G B^^(^j\f^{T) corresponds to a deck transformation on {N,g). Especially, we 
translate the fundamental region (iV, xq) via s G i?^^(7v)(^) denote it as sN_ C N. Let 
us denote by B^^ (T) the ball of radius T which is centered at xq G N. 

MB^n,^o)(^))<M U «A^)<vol(S(^5.^)(r + diamiV)). 

la{s)<T 

Here the volume form is given by oj^. Obviously the above middle term has the same value 
with 

#{s G 7ri(iV, xo) : lg{s) < T} ■ vol(iV). 

This proves Step 1. 

Step 2 : vol(i?|.jy ~^j(T)) grows exponentially with T. 

Let 6 G fl^{N) be a primitive of uj^ and let X be the corresponding Liouville vector field 
on A'". That is ix'^N = Q- We may assume that the given 7j satisfies ||a;jv|[g = 1, so the norm 
of X is uniformly bounded by C := \\9\\g. Since vol = w]^, we have 

Lx vol = Lx — ^ — ^ 

Let V : ^ Diff(iV) be the flow given by the vector field X and B := B.f^- Jl). We 
compute that the volume of the image ^t(-B) grows exponentially with T as follows 



d_ 
di 



_ ^ 
~ di 



t=s 



vol 

MB) 

vr vol = / ^ 

t=.s ./b Jb d-t 



tJ*' (3.1) 



/ V':(^xvol)= / (nvol) 
Jb Ht{B) 

nwo\{i^s{B)). 
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Hence we get vo1(V't(S)) = e"'^ vol{B). Since -^^(2 CT + 1) D Vt(^), we conclude that 

vol(i?(^ ~^)(2CT+l)) >vol(Vr(i?)) 

= e"^vol(S). 

This proves Step 2. □ 

As mentioned in the introduction, we are interested in the growth rate of 7Ti(A^). It is 
known that vfi(A'^) has exponential growth rate when is a 2-dimensional symplectically 
hyperbolic manifold. But we don't know the growth rate of 7ri(A^) for any higher dimensional 
symplectically hyperbolic manifold. 

3.2. Perturbed J^-Rabinowitz action functional. In order to show the exponential growth 
rate of leaf-wise intersection points, Macarini-Merry-Paternain used the J^-Rabinowitz action 
functional as follows 



: jC 



X 



A-^{u,i]) = A^^{u,r]) := [ u*X-f{T])[ F{t,u)dt - [ H{t,u)dt. 

Jo Jo Jo 

The above new ingredient / € C°°(]R,M) needs to satisfy the following properties: 

(1) / is a smooth strictly positive, strictly increasing function. 

(2) lim^^_oo /(t?) = and /' satisfies < f'{r]) < 1 for aU r]£R. 

The additional data /(?/) is crucial to the construction of continuation maps between a con- 
centric family of fiberwise starshaped hyper surf aces, see [30^ Section 4.2]. We denote by J- 
the set of such / € C°°(M, M) satisfying the above conditions. 

If we additionally consider the magnetic perturbation, then the action functional becomes 



AL{u,r^)=A'^i:=Af{u,r^)+B^{ 



u 



(3.2) 



(3.3) 



One can check that a critical point of Am satisfies 

dtu = f{r])XF(t,u)+X]^{t,u) 
f'{r^)J^F{t,u)dt = 0. 

Since /'(/?) > for all i] € M, it is equivalent to 

dtu = f{r])XF{t,u)+X]^{t,u) 
F{t, u)dt = 0. 

Given — oo<a<6<oo, we adopt the following notations: 

Crit(^4) := {w = (n, ?/) G £ x M : (n, ?/) satisfies (|33D .}: 

Crit('^'^)(^4) := {(^z,r?) G Crit(>t4) : A^u^i^) G (a, 6)}. 

Since / G J-" is a positive function, we only consider positive (magnetic) leaf-wise intersection 
points. It would be convenient if /(??) = ry on the action window (a, h) C M"^ we work with. 

Definition 3.3. Given a > 0, 

F{a) ■={/ eF : /(r?) = rj, V?y G [a,oo)}. 



(magnetic) leaf-wise intersection point is called positive or negative if rj in (|1.2|) is positive or negative 
respectively. 
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For notational convenience, let us denote by 

LWs,^„(a,6) := {x G T*N : c/)^ {<frn{x)) = x, a < i] < b} 

and recall that 



c{H,m) = sup 



Xr^(u{t))[X^{t,u)]- H{t,uit))dt 



Proposition 3.4. Let € Diiic{T* N,m) with = fplcn- Given a > 0, choose f G T{a). 
Then there is a map 

ev : Crit('^+'^(^''")'*-'^(^''"))(^^) ^ LWE,^„,(a,6) 
ev(u,r/) = n(^). 

Moreover, if there is no periodic magnetic leaf-wise intersection points then ev is injective. 
With this generic condition for tp^ we then obtain the following estimate 

nj:,^Ja,b) := #LWs,^Ja,6) > #Crit('^+^(^'-)'^-^(^'-))(^/). 

Proof. Let (u, r/) be a critical point of A^, by the argument in Proposition \2.'2\ then u{^) 
is a magnetic leaf-wise intersection point and its action value becomes 

■ALiu,v) = ['K{f{v)XF{t,u)+X^{t,u))- [' H{t,u)dt 
Jo Jo 

= f{ri)+ [ A^(X5(t,u)) - / H{t,u)dt, 
Jo Jo 

thus we obtain 

\Ai{u,r])-f{r^)\<c{H,m). (3.4) 
Suppose AL{u, rj) € {a + c{H, m),b — c{H, m)) then 

a < f{r]) < b. 

Since / G J^{a), we conclude that 

a < 7] < b. 

□ 

For a given almost complex structure J ^ J^j, let V jA^^ be the gradient of A^ with respect 
to the metric 0j(-, •) in (j2.5p . One can check that 

Definition 3.5. A positive gradient flow line of Am with respect to an 5^-parameterized 
almost complex structure J{t) £ J'^^^ is a map ^« : M — )■ £ x R which solves 

dsw - VjAi = 0. 

The above map is interpreted as w = {u, rj) where u : M. x ^ T*N x rj : R ^ M. such 
that 

dsU + Jit, U) (dtU - X^{t, U) - f{7])XF{t, u)) = 
ds7] + f'{7])f^F{t,u)dt = 0. 



(3.5) 
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3.3. Floer homology for A^. Let us first assume that the perturbed J^-Rabinowitz action 
functional A{xi : £ x M ^ M is Morse in the sense of Corollary I A. 4[ In order to define the Floer 
homology for Am, we need to show that the Lagrange multiplier rj is uniformly bounded. We 
follow the same strategy as in the ^ni-case with minor modifications. 

Lemma 3.6. There exist e, c' > such that if {u,r]) G £ x M satisfies \\\/jAm{u, rj)\\j < ef'{ri) 
then 

^ (Ai{u,r]) - c'\\VjAi{u,ri)\\j - c) < /(r?) < 2 (Ai{u,v) + c'\\V jAi{u,ri)\\j + c) . (3.6) 



3 

Here c = c{H, m) as in Definition [27 

Proof. The proof consists of 2 steps. 

Step 1 : There exist constants 6,c' > such that if u £ C satisfies 



uit)eUs:=F-H-6,6), VtG[0,^] 



then 113. 6]) holds. 

There exist 5 > such that 



Now we compute 

Ai{u,r])= [\*X- [' H{t,u{t))dt- f{7]) [' F{t,u{t))dt + Bm{u{t)) 
Jo Jo Jo 

u*\m- f H{t,u{t))dt-f{r,) [ F{t,u{t))dt 
'0 Jo Jo 

-1 ^ _ _ 

Xm{u{t))[dtU - f{7])XF{t,u) - X^{t,u)]dt 





+ f{rj) j \x{u{t))[XF{t,u)] -F{t,u{t))dt + J\m{u{mx^{t,u)]-H{t,u{t))dt 

> Q + 5 - /(r?) - c'Wdtu - X]^^''\t, u) - f{r,)XF{t, u)^ - c{H, m) 

>\\f{ri)\ - c'Wdtu - Xp'\t,u) - fiv)XFit,u)\\2 - c{H,m) 
>l\fiv)\ - c'\\VjAm{u, - c{H,m), 
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where Am is the same as in Definition 12. 8[ c' = c'(m, 5) := \\\m\[j^ Woo- In a similar way, we get 
the foUowing estimate 

■^Liu,v)= Cu*\- [' H{t,u{t))dt- f{ri) [' F{t,u{t))dt + BMt)) 



\*Xn,- C H{tMt))dt- f(n) [' F{t,u{t))dt 

Jo Jo 
1 _ _ _ 

X^{u{t))[dtu - f{r])XF{t, u) - X]^{t, u)]dt 

+ fiv) C \{u{t))[XF{t, u)] - F{t, u{t)) dt + C \^{u{t))[r^{t, u)] - H{t, u{t))dt 

Jo V ' ^ V ' Jo 

<l-6 >-S 

<(^l-S + 6^ fiv) + c'Wdtu - X^(^) (t, u) - f{v)XF{t, 111 + ciH, m) 
<l\fir])\ + c'Wdtu - - f{v)XF{t,u)h + c{H,m) 

<l\fiv)\ + c'WVjAmiu, firiMj + c{H,m). 
The above two estimates prove Step 1. 

Step 2 : For any 6 > there exist e > such that if {u,r]) C x R 

\\VjAl,{u,r])\\j<ef'iv) 

then u{t) G Us for all t G [0, i]. 

By a similar argument as in Lemma[23]Step 2, if F{u{t)) > | for all t G [0, i] then 



\\VjAi{u,v)\\j> f'ir^) F{t,u{t))dt >/'(r?)^. 
Now, if there exist ti,t2 in [0, i] with F{u{ti)) < | and F{u{t2)) > 6 then 

\\VjAUu,r])\\j> J . 

^11 V/' lloo 

If we set 

r (5 6 

e = e{5,F) -minj-,^^^ 

and use the fact that f'{r]) < 1 for all 7/ G M then this proves Step 2. 

By combining Step 1 and Step 2, we immediately prove the lemma. □ 

We need one more preparation. Now we consider a certain class of / G J~{a) with the 
following condition. 

Definition 3.7. Given a, r > 0, 

F{a,r) := {/ G T{a) : 3^ > such that Af'{-A) > r}. (3.7) 

Remark 3.8. Given a > 0, the set nr>o •^('^i non-empty and path-connected. An 
explicit construction of / G Clryo ^i^^i ^) exists. There also exists a homotopy between two 
different /o,/i G F{a,r). All these things are explained in \30\ Remark 3.24, Lemma 3.25]. 
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Proposition 3.9. Fix F G and an action window {a,b) such that < a < b < oo. 

Let c',e > be the constants from Lemma \3.6[ Choose f € mm{t7a%c'} ) ^^'^ ^ generic 

pair {H,m) such that c{H,m) < |. Let w± € Cnt^"''^\A{n) and w = {u,r]) he a gradient 
flow line of Am with \\m.s^±oow{s) = w±. Then there exists a constant k = K{a,b) satisfying 

Ihlloo < 1^- 

Proof. For convenience, set 

First define a function : M [0, oo) for a given gradient flow line w = (n, rj) by 
i^n^il) := mi{iy > : \\VjAi{w{l + < ei/'(r?(/ + i/))}. 

Since linis^oo /'(??('5)) = 1 and lims_^oo WV jAm{{u,'i]){s))\\j = 0; is well-defined. We get 
the following estimate 

b — a > lim Am{w{s)) — lim A{n{w{s)) 
\S/jAi{w{s))fjds 



oo 
oo 



> 



oo 



eif'ivisWds 



where := va.ii<s<i+y^{s) fivis))- Hence we obtain 

b — a 



{31 



Now observe that 



(z) 



T]{s)ds 



< 



< Ml) 



< Ml) 



fj{s) \ ds 
\r 



1/2 



(s)rds 



1/2 



iVjAU^mijds 



<{Ml) E{w)f/^ 
^ b — a 
~ei iu,{l) ' 



(3.9) 
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By Lemma 13.61 we get the following estimate for any / € M 

f[r^{l + uUl))] >'^(Ai[wil + ,.^m-c'\\VjAl,iu,rj)\\j-ciH,m) 



>-(a- c'ei /'[r?(/ + z.^(/))]--) 



<i 



a 

>-. 

-6 



Since / G we get 



and hence 







b — a 



r]{s)ds 



>- 



> 



"6 eiiy,{l) 
b — a 



€liu,{l) 



This implies 



/'(^?(/))r/(/)>^«,(0'?(0> 



b — a 



Now suppose that there exists /q £ such that tj^Iq) < —A then there must be /i G M with 
77(^1) = —A. This induces the following contradiction by the chioce of / € with 

mi, 

> -f'{-A)A = f'Wi)Mh) > 

So, we conclude that > —A for all / € R. 

Now consider the upper bound. Start with a new function i7^„ : M — )■ [0, 00) by 

:= inf{i. > : \\\/jAUw{1 + i^Mj < 
By a similar argument as in (|3.8|) and (|3.9|) . we see that 

b — a 



4 fi-Af 



and 



m)-v{i+Mi))\< <A 



ei n-A) 

where the last inequality comes from (|3.7|) again. By Lemma l3.6t we get 

fW + Mm < 2 (Ai[w{l + + c\\VjAi[w{l + ?^(/))]|| J + c(i/,m; 



(3.10) 



<2(6+ c'ei 



< 2a + 26. 
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This implies that r]{l + iy^{l)) <2a + 2b and by (f3TT0|) 

<2a + 2b + A. 



Thus we conclude that 



VWoo 



< K ■.= 2a + 2b + A. 



□ 



For simplicity, let us denote by 



:= {AUw) : w G Crit^^)}. 



Theorem 3.10. Fix F G 'D{T,) and f G nr>o -^(|' Definition \3.T\ Choose a generic 
pair {H,m). // max{l, 2 c(i7, m)} < a < b < oo and a,b ^ A{A{a), then FR^"''''^ (Ai) is 
well-defined. 

The construction of FH^"''') (^m) is the same as in the ^^-case. For w = (u, rj) G Crit*^"'^^ (Am), 
we define the index fi{w) := ncz{u). Let us denote by 



The above M-action is given by translating the s-coordinate. Suppose further that the almost 
complex structure J{t) is generic, so that A4{w-,w^) is a smooth manifold of dimension 



/i(tO_|_) = fc — 1 

where #2 means Z2-counting. By virtue of Proposition 13.91 with Theorem 12.71 d satisfies 
d o d = 0. Then the resulting filtered Floer homology group is 



3.4. Continuation map between FH(^''^) and FH(^m)- In this section we construct a 
continuation homomorphism between FC(^'^) and FC{Am) which induces a map on homolo- 
gies on a suitable action window. The construction is given by counting gradient flow lines 
of the s-dependent action functional 




M{w-,w+) := M{w-,w+)/R. 



dim Ai{w- , W-^-) = fJ-{w-) — fJ,{w+) — 1. 



The boundary operator d : FCf'"' {Ai) FC[^'!:7(X) is defined by 





FHr)(^4) = H,(FCr'(>i^),a). 
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Here {u,i]) = /J m*A - /(r/) /J F{t,u{t))dt - H{t,u{t))dt and m(s) is defined in (1^ . 
With the same metric as in (12. 9p . the gradient flow hne w = {u,r]) G C°°(]R x S^,T*N) x 
C°°(M,R) satisfles 

dsu + J{s, t, u) {dtu - f{r])XF{t, u) - X^^^^ (t, n)) = 1 ,3 

In order to construct a continuation map, we need to check that the energy 
and the Lagrange multipher rj of gradient flow lines w are uniformly bounded. As in the 
case, we start with the fundamental lemma. 

Lemma 3.11. There exist e, c' > such that if (n, r?) G £ x M satisfies 

\\'^sAi^^^{u,r^)\U<ef'{ij) 

then 

^ (4^(^)(n,??) - c'||V,^^(^)(n,7?)||, -c) < fiv) < 2 r?) + c'|| V.^^^^^^ln, ??) ||, + c) . 



3 

Here 



c = c{H, m) := sup sup 



1 _ _ 

Kis) mmxH^'^ (t, u)] - H{t, u{t))dt 



Proof. The proof is similar as in Lemma 13.61 with m(s) instead of m. So we omit the proof. 
With a simple computation, one checks that 

8 6 

e = e((5, F) := min 

and 



2' 2||VF||c 
c' = c'(m,(5) := sup ||Am(s) If/Jloo- 



Here 6 is chosen satisfying 



^ + 5< HXFip)) <l-s, Vp G Us. 



□ 



Proposition 3.12. Fix F G ^^(S) and an action window (a, 2a) such that a > 2. Let c', e > 

be the constants from Lemma \3 . 1 1\ Choose f G -^(§, min{?,a/8c'} ) ^'^^ ^ generic pair {H,m) 
such that c{H, m) < | . Let w be a gradient flow line of -^,{.,(3) with the following asymptotic 
conditions 

lim w{s) = W-£ Cii^^^^^iA^ ,^,), lim w{s) = w+ G Crit('^'2'^)(^^,^.). 

-(f ll/3||oo is sufficiently small then the L°°-norm of rj is uniformly bounded in terms of a 
constant which only depends on W-, Wj^. 

Proof. The proof consists of 4 steps. 

Step 1 : The energy is bounded by ||/(r/)||oo- 

By a similar argument as in Proposition 12.141 Step 1, we obtain 

/oo 
^« ^ 2CE{w) + 2C + 2d^C + 2\\f{r,)\\^dFC (3.12) 
-00 
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and 

E{w) < 2A + 4C + 4dr,C + 4\\fi7])\\^dFC, (3.13) 
under the smallness condition on the isoperimetric constant 

C<^. (3.14) 

For convenience, we summarize the notations as follows 



E{w) 


= / \\dsw{s] 


\\\lds; 




J — oo 




C 


= ll/3||oo||0||oo; 




dm 


= dH,m = sup 




dp 


= II^fIU; 




A 


= <i)(«^+)- 


^m(O) 



oo ) 



If we choose /3 S 53 with small norm ||/?||oo then we may assume that C is sufficiently small. 
The smallness of C is important in the following steps. 

Step 2 : r][s) is uniformly bounded from above. 

In this step, without loss of generality, we work on the region that t]{s) > |. Since / G -^(f )) 
/(ry(s)) = r]{s) and f'{rj(s)) = 1. Then Lemma 13.111 implies the following: 
There exist e,c,c' > such that if (n, ?/) € £ x M satisfies 

l|Vs<,)(n,??)|l. <e = e/^ 

=1 

then 

firj) < 2 [Ai^,^iu,rj)+c'\\VsAi^^){u,7j)\U+c) , (3.15) 

for all s G M satisfying rj(s) > |. Here €,c,c' > come from Lemma 13.111 
Now define 

uUl) ■■= mf{l7 > : ||V,^^(;^_)(tz;(/ +I7))||, < e}, 

for I G M such that 7/(/) > |. Then by a similar argument as in (|2.17p . we obtain the following 
estimate 

1^40 < (3.16) 
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By the gradient flow equation (j3.1ip and (|3.16p . we have 



< 



< 



f{rj{s))^dsV{s)ds 

<i 

dsr]{s)ds 



f'{r]{s)) I F{t,u)dtds 

<i 







<l|i^ll 



< \\F\\oo'^w{l) 

E{w) 



< \\F\ 



OO _9 



Let us note that the fohowing inequahty holds for all s G 



w{s)) 



ds. 



By the definition of and the above estimates (j3.15p . (|3.18p and (|3.1'2p we get 

f[ri{l <2(aI^^^-^^i^^[w{1+V^{1))] + c' \\VsAl^i^-^^i^^[w{l + u^m\\s +c 



<e 

<2 (^2a + I" \Al^^^{w{s))\ds + c'e + c^ 
<2 {2a + 2CE{w) + 2C + 2d„C + 2\\f{r])\\oodFC + c'e + c) . 
Now combine (j3.17p and (j3.19p . we then obtain 

Cl + Uwil) 



dsf{ri{s))ds 



<2 (2a + 2CE{w) + 2C + 2d„C + 2 



.dpC + c'€ + c) + ||F| 



E{w) 



< 



OO _9 



cwfmc 



+ 4a + 8CA + leC^ + lQC^d,n + AC + M^C + 2c'e + 2c 
\F\ 



+ 



-{2A + AC + Ad^C), 
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(3.17) 



(3.18) 



(3.19) 



(3.20) 



where for the last inequality we use (13.13P . Note that the last line of the above estimate (j3.20p 
does not depend on the choice of a gradient flow line w and / G M. If we choose a sufficiently 
small C > such that 



16dFC + AdF + ^^^^k^)c <- 
e'^ 2 



(3.21) 
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||/(??)||oo <2^4a + 8CA + 16C2 + IQC^dm + + AdmC + 2c'e + 2c 



-(2A + 4C + 4(imC) 



(3.22) 



=: K. 



Since f{r](s)) = r]{s) for s > |, this imphes that k is an uniform upper bound of rj{s). 

Step 3 : If ||/3||oo is sufficiently small then J^^\Am{s){'^{s))\ds < |. 
The above estimates ()3.12p . ()3.13p . ()3.22p and A < a imply that 

/oo 
Ai^,^ ds <2CE{w)+2C + 2d„,C + 2\\f{i])\\^dFC 
-oo 

<{8dFC^ + 2dFC)\\f{'n)\\^ + AaC + 8C^ + 8d,^C^ + 2C + 2d^C 
<8{idFC^ + dFC) {2a + 4aC + SC^ + SC^dm + 2C + 2dmC + c'e + c 

+ + 2C + 2dmC)^ + AaC + SC^ + 8^^c'2 + 2C7 + 2dn^C 

= (^8(4(iFC2 + (ii.C)(2 + 4C + + 4C^a 

+ 8(4dir(:;2 ^ ^8^2 ^ 8(^2^^ + 2C + 2dn,C + c'e + c 

+ ^^(2C + 2dmC)^ + SC^ + 8d„C^ + 2C + 2dmC. 

If we choose a sufficiently small isoperimetric constant C > such that 

8(4di.C2 + dFC){2 + AC+ + 4C < 

e 16 

8(4dF(:72 + d^C) (^8C^ + 8C72d„ + 2C + 2dn,C + c'e + c (3.23) 

+^p^(2C + 2dn,C)^ + 8C72 + 8dmC2 + 2C + 2dr„C < ^, 
then we get the following estimate 



a 1 a 

ds < h - < -, 

- 16 8-8 



where for the last inequality we use a > 2. This proves Step 3. 
Step 4 : r/(s) is uniformly bounded. 
First set 



e := mm ■ 



and define a function : 



D>0 



by 



eUI) ■■= infk > : ||V.^i(;^^)(zz;(/ + i/))||. < ef'ivil+E))}- 
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Now set 

i^{l):= M /'(r?(s)). 

l<s<l+u^{l) 

By similar arguments as in (13.80 and (13. 9p . we obtain the following estimates 

-"^^ - 7lW 

and 

\V{1) - V{1 + < 

By the definition of u^, Lemma |3 . 1 1 1 implies that for any / S M 



<t <i 



The action estimate (j3.18p and Step 3 give us the following estimate 



ALAw{s)) >a - I A' Ms)) ds > -a. (3.25) 
Let us combine (|3.24p . (|3.25p to obtain 

fm+Eji))] > I (Ai^i^^_^^,^^Mi + eji))] -l^)>^ 

Since / e 7-(§), 



oo 



7 



6 



and hence 



r]{l + eJI)) > ^ > 0, 
,il)>^--^> 



6 ei^{l) ei^{l) 
As a consequence, 

-f'{v{l))ri{l) < -iJl)vil) < ^ < ^(2A + 4C + 4dn,C + 4K(i^C7), 

where the last inequality comes from p.l3p and p.22p . If we choose C sufficiently small such 
that 

(4 + Mm + 4MdF)C < 1, (3.26) 

then 

-f'm)v{i) < 

here we use again A < a. Since / € J^i^-, ^^7-^), there exists A> such that 

Afi-A) > 
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Now suppose that there exists ^ such that r?(/o) < then by continuity there exists 
/i € M such that = —A which leads to a contradiction via condition (|3.7p 

^ < n-A)A = -f'MhMh) < 

Thus we conclude that r7(Z) > —A for all / G M, and hence 

llf?(Olloo < K := niax{'K, A}. 

□ 



Lemma 3.13. Fix F G T^C^) and an action window (a, 2a) such that a > 2. Let c',e > 

1 2a+l 
i ' min{e,a/8c '} ' 

V(s) 



be the constants from Lemma [3.111 Choose / G J^if, min{?,a/8c'} ) ™^ ^ generic pair (i^, m) 
such that c{H, m) < § . Let w be a gradient flow line of AI^, with the following asymptotic 



conditions: 

lim__u;(s) =w^€ Cii&'^''\Al(^^^) , lim w{s) = w+ e Cri^'^^HAl^^y 



If 11/311 oo is sufficiently small, then 



1 



Proof. For notational simplicity, Let us denote by 

By Step 2 in Proposition 13.121 f{r]) is uniformly bounded as follows, 

\\f{v)\\oo <2(^2q + 8C{q - p) + 16C^ + WC^dm + 4C7 + Ad^C + 2c'e + 2c 

+ ^P^(2((? -p) + AC + M,^C)^ . 

Since E{w) > 0, we obtain the following inequality from (I3.13P 

q>p-2C- 2dmC - 2\\f{r])\\oodFC. 
By taking a small isoperimetric constant C > satisfying 

Sdp 0^^^ + AC + l] c < 



2(^l + dm + 8dF^^^^C + 8dFdJ^^^C (3.27) 



+32dFC'^ + 32dFdmC'^ + MfC + SdFdmC + Ac'edF + AcdF ]C <-; 

9 
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we now get 

q>p-2C- 2dr,C - 2\\f{7])\\oodFC 

>p-2C - 2d^C - UFc(^^^^{2{q - p) + 4C + U^C) 

+ 2q + 8C{q - p) + 16C^ + 16C^d„, + AC + 4dmC + 2c'e + 2c 
=p + 8dF (^^^ + 4C^ Cp-Sdp (^^^ + 4C + 1^ C7g - 2(^1 + + Sd^^^C 

+ SdpdJ^^^C + 32dFC'^ + 32dFdmC^ + Sd^C + SdFd^C + Ac'edF + AcdF^ C 



9^ 9 



>P + 8dF ( + 4C ) C p - -g 



>o 

1 1 

>p q . 

This proves the assertion. □ 
For convenience, let us abbreviate 

Lemma 3.14. Fix F G and an action window (a, 2a) such that a > 2. Let c', e > be 

the constants from Lemma [3.111 Choose / G -^(f 1 min{?a/8c'} ) ^ generic pair (H,m) such 
that c{H,m) < |. If ||/3||oo is sufficiently small then there exists a commutative diagram: 



pH(^-Ma],M2a])(_4/ ) 



Proof. Let us first construct Let t/; be the gradient flow line of AI^(^) satisfying the 
limit conditions: 



(1)^ 

ini- flr^tTr lino i^f A 

m{s) 



-00 



(3.28) 

Let A4"^{w-,w+) be the set of such gradient flow lines. If n{w-) = fi{w+), then we may 
assume that A4'^{w-,'w^) is discrete for a generic almost complex structure J{s,t) € J'm{s)- 
We now define a map 

^r:FaM^(oP^FaM^(,)) 

given by 

^l{w+)=fl(w-) 
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Since i^m(s) is symplectically aspherical for all s € M, there is no bubbling. In order to 
compactify the moduli space A4™{w-,w+), it suffices to bound the energy E{w) = f^^\\w\\'lds 
and the Lagrange multiplier rj in terms of w^,W-^. Since ||/3||oo is small, we may choose a 
sufficiently small isoperimetric constant C satisfying ()3.14p . ()3.2ip . (I3.23p . (I3.26p . Now we can 
use the argument of Proposition 13.121 Especially (|3.13p . (I3.22P give us the following uniform 
energy bound 

E{w) <2Al^,^ {w+) - 2AI^q^ {w.) + 4C + Adr^C + 4||/(7?) W^dp C 

<2AI^^^^{w+) - 2AI^^^^^(w-) + AC + Ad^C + 4k{w_,w+) dp C 

and Proposition 13.121 enables us to conclude that the Lagrange multiplier r] is also uniformly 
bounded. Let us choose a smaller ||/3||oo such that the isoperimetric constant C satisfy (|3.27p 
additionally. By virtue of Lemma |3.13^ we obtain the following map. 

Since the continuation map <&"^ commutes with the boundary operators, this induces the 
following homomorphism on homologies as follows 



■'m(O)'' ^ ^ m(l) 

Now we consider the inverse homotopy of -^^(s)' modifying the above construction, we 
obtain 



By a homotopy-of homotopies argument, we conclude that <I>ni ° is the identity map on 
pjj(h-2[a],h2[2a])(^/^^^)^ This proves the lemma. □ 

Lemma 3.15. Fix F G T>{Ti) and / € P|,^.^q r), see Definition 13.71 If (-ff, m) is a generic 
pair with sufficiently small ||/3||ooi then 

dimFH(''~'W''*[^])(^4) > ^ dimFH(^"'H,^^m)(^/) (3.29) 
also holds for generic a,T such that max{2, 2c(-ff, m)} < a < T < 00. 

Proof. By the commutative diagram in Lemma 13.141 we obtain the following dimension 
estimate 

dimFH('*''W'^[2a])(^/) > rank(i(/i"2[a],/i2[2a])) 

>dimFH('^"'W''^'[2a])(^/)_ (^-^^^ 
Actually if we choose 6 G M such that a < b < 2a then 

dimFH('^"'W''^W)M4) > dimFH('^-'W''^'[^l)(^/) 

holds under the generic condition h[b] ^ A{Ai) and h'^[b] ^ A{Af). 
Now we construct a sequence {oj}^^ such that the following holds: 

• ai > max{2, 2c(f/', m)}; 

• Oj+i = /i^[2aj]; 

. h~^ai] ^ A{Ai), V^eN; 

• h-^[ai],h'^[2ai] i A{A^), Vi € N. 
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Note that oi determines the sequence and obviously {oj} is strictly increasing. The 3rd and 
4th conditions are guaranteed for a generic ai. Let a be the set of sequences satisfying the 
above conditions. 

In order to compare dimFH(''"'M''^[^l)(^4) and dimFH('^"'W''^'[^l)(^^), we use (fCTjl 
inductively. Choose {oj} € a then the following holds: 

k 

dimFH('^"'('^i)''^(2a,.))(^/) = ^dimFH('^"'["'l'''[2a,])^_^/) 

(3.31) 

>^dimFH('^''N''^'[2°J)(^/). 

i=l 

But there exist missing action intervals for A'^ in the last term of (j3.3ip . To cover the missing 
intervals, we first observe that if a > 2 then the length of the action intervals for Am and A-^ 

h[2a] - [a] , [2a] - /i"^ [a] 

are positive and increasing functions with respect to a. By a simple computation, one can 
check that its ratio satisfies 

h[2a]-h~M 
/i2[2a] -/i-2[a] - 

for all a > 2. This implies that there exist 4 sequences {aj}, {a?}, {af }, {af } € o such that 
a\ < a\ < a\ < a\ < a\ and 

i=i j=i 

covers (/i"^[a{], /i^[2a|]) C R+ for any A: G N. 
Now we obtain the following estimate 

4dimFH('^"'["i]''^[2'^^])(^4) > jj^dimFH(''"'K]''^[2'^'l)(^/) +dimFH(^"'[«^]'^K])(^/) 

i=i j=i 

> XiEd™FH('^-'K].^^[2a^])(^/) ^ dimFH('^"'K].'^^K])(^/) 
i=i j=i 

>dimFH('^''["il''^'[2a^])(^^). 

This proves the lemma. 

□ 

Proposition 3.16. Fix F G 'F>{T,) and f € P|^^g r). Letc',e > be the constants from 
Lemma \3.11[ If (H, m) is generic then there exist 

n = n{N,g,F,c',e,H,m) G N 

such that 

dimFH(«''^)(^4) > i^dimFH('^""W''^"[^])M/) 
holds for generic a,T such that max{/i~-'^[2], /i~^[2c(i7, m)]} < a < T < oo. 
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Proof. In order to use Lemma 13.151 we first subdivide m into small pieces to have the 
following properties: 

• = {d'P, cr, e), where = (i° < < • • • < d'^ = 1; 

• ^-^^ : £ X R ^ M is Morse for alH = 0, 1, . . . , n; 

. = - d*)||/3||oo||o-||oo satisfies i^M), ^M), and (13:271) for all i = 

0,l,...,n-l. 

By the choice of /, it is not necessary for the isoperimetric constant C to satisfy the condition 
(j3.26p . This implies that the subdivision number n for m does not depend on the action 
window. Now choose a, T such that the following conditions hold: 

• max{/i-i[2],/i-i[2c(i/,m)]} < a < T < oo; 



h-^+'[alh^-'[T] i A{Al:) Vi = 0, 1, 



, n. 



By the above second condition, FHC^ '[^])(^-^,) are well-defined for < i < n. Now 

we are ready to apply Lemma 13.151 If we use (j3.29p inductively then we conclude that 



dimFH("'^)(A{) = dimFH("'^)(^{„) 

> idimFH(''"'W''^[^])(^-^„_,: 



4 

> • • • 

>-dimFH('^""W'^"[^])(^^o) 
= -dimFH('^""W''^"[^])(^/). 

This proves the lemma. □ 

Remark 3.17. The argument in Proposition 13.161 holds for any F £ and any generic 

{H, m). Note c',e depend on F and a 5— neighborhood of F^^{0). For a given diffeomorphism 
ifxn G Diff (T*A^, m), consider all defining data {H,m) for such that ipm = </'xj}- Now we 
consider 

n' := inf ini n(N, g, F,c'e, H,m) 

{H,m)iF,5) ^ ^ 

then n' depends only on {N,g, By abuse of notation, we write n = n'. 

Proof of Theorem We first fix a defining Hamiltonian F for S and a defining data {H,xn) 
for ipm- Choose / € P|j,^q r). By the generic assumption, ip^ has no periodic leaf- wise 
intersection point and Am is Morse for the action window + c(ff, m), oo] , see Corollarv lA.4[ 
If we choose a generic action value a, T such that max{/i~^ [2], [2c{H, m)]} < a < T < oo 
then Proposition 13.41 and Proposition 13.161 imply that 

ns,^jr) > #Crit(H^(^'-)'^"^(^'-))(^/) 

>dimFH('^'^-^(^'"'))(^/) (3.32) 

> -dimFH(^""W''^"[^-^(^'-)l)M^). 
— 472 ^ ^ 

Here n = n{N, g, S, y?nx) G N is the constant from Proposition 13. 161 with Remark 13.171 
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Now we recall that is the free loop space of {N, g). The energy functional £g : Cn 
is given by 



q\ldt. 



For given < T < oo, denote by 



^7v(r) ■.= \qeCN ■■ £g{q) < -T 



^rp2 

By the result of Macarini-Merry-Paternain |30l Proof of Theorem A, Remark 1.4], there exists 
a constant c' = c'{N,g, S, ipm) > such that 

dimFH('^""W'''"[^-^(^''^)])(^-0 > rank{/, : }i,{CN{c'{T - 1))) ^ B,{Cn)}. 

If c := min{^, c'} > then finally we obtain 

ns.^jT) >^rank{/, : B,{CN{c'iT - 1))) ^ B^Cn)} 
>c ■ rank{i : R^{Cn{c{T - 1))) ^ H*(£^)}. 
This proves the theorem. □ 

Appendix A. The perturbed Rabinowitz action functional is 

GENERICALLY MORSE. 

In this section we study the Morse property of the perturbed Rabinowitz action functional. 
Note first that the action functional = A^ ^ is determined by the following data F G ^^(S), 
H e Ti and m € 9Jt. Especially m e OJl consist of {(3, a, 9), see Definition 11.11 We claim that 
^ni is Morse for generic H £ V. and /3 € *B. The generic property for H & Ti is well-studied 
in [H Appendix A]. So we concentrate on the Morse property of with respect to the case 
of ^ G 03. First recall that 

OS := {/3 G C°^{S^) : = 0, Vt G [0, 1/2]}. 

Theorem A.l. For a generic /5 G OS the perturbed Rabinowitz action functional Am is Morse. 

A.l. Preparations. The proof of the genericity of the Morse property follows a standard 
method, that is, once it is shown that a certain linear operator is surjective then the theorem 
follows from Sard-Smale's theorem. In this proof we follow the strategy of [U Appendix A]. 
First, let us recall the definition of the perturbed Rabinowitz action functional 

Am-- jOxR-^M. 



{u,7])^ I u*X-r] I F{t,u{t))dt- [ H{t,u{t))dt+ [ t* P{t)0{u{t))[dtu{t)]dt 
Jo Jo Jo Jo 

where in this section, from now on 

£ = W^^'^\S^,T*N) is the completed loop space of T*N. 

For convenience we abbreviate 

J" : £ ^ M 



Aim ~ All.m •" 



u>-^ F{t,u)dt, 
Jo 

[ \{u{t))[dtu] - [ H{t,u{t))dt+ [ P{t)9{u{t))[dtu{t)]dt 
Jo Jo Jo 



38 



YOUNGJIN BAE 



and 



Thus, Am{u,ri) = Ami^) ~ V^i^)- We note that Amiuji]) = ^m^('w) + (% — v)^{'^)i a-iid 
therefore 

where u G ri'2(n*r(r*iV)), the space of W^''^ vector fields along u and r/ € M. Hence at a 
critical point = {uo,r]Q) E Crit(>im) the Hessian equals 

=^m(w'o)[(^ii,'?i), (^i2,7?2)] = ^.r,oF(no)[ni,n2] - 5?irfJ'('Uo)[n2] - ?72d-7^('"o)['"i]- 

For a function P : [0, 1] x T*N M, an -parameterized symplectic form and the 
corresponding (^^m € Diff (T*A^, m), we define 

Cp,m:={veW'^\[0,l],T*N) : i;(0) = 0^.^!))}, (A.l) 
the twisted loop space, and introduce the diffeomorphism <l>p,m : ^p,m ^ 

<^P,m{v)it) = <p'x^ivit)). 
For a fixed critical point wq = (uq, ?/o) of Am we use this diffeomorphism to pull back 

A!^ ■= {^rioF+H,m X idR)*^m : ^r]oF+H,m X M — > R. 

We set vo := ^^^p^Hm ° ""O' = const. Then using 

{^*H,mdAm){vm = [' u;{dtv{t),v{t))dt 
Jo 

we obtain 

'^-jvQF{vo,m)[{vi,m),{v2,'n2)] = / cj{dtvi,h)dt - fiidJ='{vo)[v2] - fi2dJ'{vo)[vi], 

Jo 

where F := T o (^^^^pj^u^^p. Since F{t,x) = for t e [^,1] and H{t,x), (3{t) vanish for 
t € [0, we compute 

1 

T{v) = / F{t, ip'^^^F+H,r^{v))dt = / ' F{t, ^lj^F+H.miv))dt 

Jo Jo 

1 

F{t,^'^,p{v))dt= F{t,v)dt 







1 

F{t,v)dt. 







Thus, the Hessian of A^^ simplifies as follows 



(A.2) 

^idtVi,V2)dt - fii I dF{t,vo)[v2]dt - fi2 I dF{t,vo)[vi]dt 
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A. 2. The linearized operator. We denote by *B'' = {/3 € C^{S^) : fi{t) = 0, Vt € [0, 1/2]}. 
For V G CH,m (see equation (lA.ip for the definition) we define the bundle £H,m ^H,m by 

{£H,m), ■.= L\[0, l],v*T{T*N)). 



Definition A. 2. Let {uQ,r]o) be a critical point of Am and {vo,i]o) the corresponding critical 

point of , that 
the linear operator 



point of , that is the point defined by the equation uo = ^noF+H,m{vo)- Then we define 



+H 



X 



via the pairing with (7)2,772) S {£noF+H,m) x IK 

■^"^ Jo 

Proposition A. 3. The operator L^^^^^^^^^^ is surjective. In fact, Lj-^^ .^^^jj) is surjective when 
restricted to the space 

V := {{v,fiJ) G iT,„Cr,oF+H,m) X M X 53^= : v{^) = 0}. 

Proof. The L^-Hessian is a self-adjoint operator. Thus, the operator Lj-^^ ,^^^3) has closed 
image. Therefore, it suffices to prove that the annihilator of the image of L^^^ jj^^^^) vanishes. 
Let (7)2,7)2) be in the annihilator of the image of that is 

(^K,'70,/3)[^l'^l'/^],(7)2,7?2)) = 

for all (7)1, 771, /3) e (T^jCrioF+H,m) X M X 53'^. This is equivalent to the following two equations: 

J^jjof(7;o, 7/0) [(7)1, 771), (7)2,772)] = 0, y{vi,m) G {T^o^rjoF+H,m) X K (A.3) 

and 

1 

^{t)a{ndtvi{t),nv2it))dt = 0, V^e5S^ (A.4) 





Since the Hessian J^^qf is a self-adjoint operator, equation (|A.2p and (|A.3p imply by elliptic 
regularity that 7)2 € C^"^^([0, 1],T^2'^*^) satisfies the equation 

dtV2 - mXpit, vo) = (A. 5) 

and the linearized boundary condition 

V2{0) = dipl^p+H,mM[v2a)]- (A.6) 

In fact, if we restrict the Hessian to V then equation (jA.SP holds except at t = ^, since the 
Hessian is a local operator. Thus, by continuity, equation (jA.SP is still valid for all t £ [0, 1]. 
From equation ()A.4p we deduce that 

V2{t) = 0, Vte[^,l]. (A.7) 

By (HSI), (Ia:5|) becomes 

dtV2 - fl2p{t)XFjj{vQ) = 0. 
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This is a hnear ODE in the vector space Ti,^^T*N as foUows 



V2{t) = 1)2(0) + m {^j^ p{r)dT^ Xf^{vo). (A.8) 

Recall (j2.2p that p{T)dT = 1 for all t G [^,1]- Combining this with equation (1A.7P we 
conclude for t > ^ 

= V2it) = V2{0) + mXp^ivo) (A.9) 

By using equations ()A.6P and ()A.7p at t = 1, we deduce 7)2(0) = 0. Now, put this into ()A.9P 
we have 

ri2XFu{vo) = 

Since (fo,??o) comes from a critical point (uo,r/o) of ^nrj we know Fi/{vo) = F{/(n(0)) = fc, 
and we already assume that A; is a regular value of Fij. In particular, 

m = (A.IO) 

Equation (TOl) . (IXTOj) and 1)2(0) = imply 

V2{t) = 0, vte[o,i]. 

Therefore, the annihilator of the image of L(„g j^^^^) vanishes and thus ,^^^^3) is surjective. 

□ 

Proof of TheoremlXjl First recah that £ = W^'^{S\T*N) and *B'' = {/3 G C''{S^) : I3{t) = 
0, Vi e [0,1/2]}. We define the Banach space bundle £ ^ C hy £u = L^{S\u*T{T*N)). 
Now consider the section S : Cx'Rx ^ x M given by the differential of the Rabinowitz 
action functional Am 

S{u,r],/3) :=dAm{u,r]). (A.ll) 
where the perturbation /3 G is considered as an additional variable. Its vertical differential 
DS : T^uo,vo,P)^ X M X 'B'^ ^ ^(no,„o,/3) ^* K,??o,/3) G ^-1(0) is 

^5(„„,^„,^)[(n,f?,/3)] = „oF(i/o,r?o)[(ii,??), •] + / /3(t)a(natn(t), ■ )dt (A.12) 

" JO 

Since the pull-back of DS under the diffeomorphism ^j^^pj^ij^m 

X idR X idtgfe is the operator 

Fvo,vo,(3 Proposition IA.3| the operator DS is surjective. Thus, by the implicit function 
theorem the universal moduli space 

M := S-\0) 

is a smooth Banach manifold. We consider the projection 11 : — ?■ Then the Am 

is Morse if and only if /3 is a regular value of 11. By the Sard-Smale theorem this forms a 
generic set for k large enough. Moreover, the Morse condition is C'^-open. Thus, for function 
in an open and dense subset of ^B'^ the Rabinowitz action functional is Morse. Taking the 
intersection of all k concludes the proof of Theorem lA.ll □ 

J" 

Now we discuss the Morse property of Am- Since we are interested in critical points of 
Am with positive action value, it suffices to check the Morse property for the positive critical 
points. 

Corollary A. 4. Given a > and choose f E -7^(a) (see, Definition \ 3.3\) . For a generic 

f F f 

/3 G ^ the perturbed F-Rabinowitz action functional Am = A^\^ is Morse on the action 
window (a + c{H, m) , 00] . 
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Proof. Let wq = (uo,%) be a critical point of ^,{1 with Ati(^^0)%) > a — c{H,m) then 
by the argument in Proposition 13.41 we obtain /(r/o) > «• Since / € y~{a), we conclude 
f'ivo) = 1- Hence the argument in the proof of Theorem lA.ll definitely holds. This proves 
the corollary. □ 

Appendix B. No periodic magnetic leaf-wise intersection points 

In this section, we study the second regularity property of (pm G Diffc(T*A^, m), see Defini- 
tion [2]3j The claim is that ip^ has no periodic leaf-wise intersection points for generic H £ T-L 
and /3 € !B. In [3] Albers-Frauenfelder already studied the above property with respect to 
H So as in Appendix we still work with /3 G *B and modify the strategy of [3]. 

Recall that the hypersurface S C r*A'^ is called non-degenerate if closed Reeb orbits on S 
form a discrete set. A generic S is non-degenerate, see [12^ Theorem B.l]. If the critical points 
of Am does not meet any closed Reeb orbit then there are no periodic leaf-wise intersection 
points. Thus it suffices to prove the following theorem. 

Theorem B.l. Let S C T*N he a non- degenerate starshaped hypersurface and TZ he a set of 
closed Reeh orbit on S which form a discrete set. If dim N > 2 then the set 

*Bs := {/? G *B : Am is Morse and im (x) n im (y) = 0, Vx € Crit(^m), V ^'R-} (B.l) 

is generic in *B, see Definition ] 1.1{ 

Proof. We first define the evaluation map 

ev : 7W ^ S 

1 (B.2) 

(uo,??o,^) ^ ^^0(2) 

where M is the same as in the proof of Theorem lA.li Combining Proposition IA.3I with 
Lemma IB. 2 1 below it follows that the evaluation map ev^ := ev(-,-,/3) : Crit(^m) — >■ S is a 
submersion for a generic choice of (3. Since dimT*A^ > 4, the preimage of the one dimensional 
set V7 := { closed Reeb orbits with period < r} under ev^ does not intersect. Therefore, 
the set 

<Bg := {/3 G 55" : Am is Morse and im {x) n im (y) = 0, Vx G Crit(^n,), y G (B.3) 

is generic in !B for all n G N. Now, the set *Bi; is a countable intersection of the set 55^, 
n G N. This proves the Theorem lB.il □ 

The following lemma is contained in [3]. The proof is included for the reader's convenience. 

Lemma B.2. Let £" ^ <S be a Banach bundle and s : 5 — )■ £" a smooth section. Moreover, 
let '(/' : 53 — 7- be a smooth map into the Banach manifold N . We fix a point x G s"^(0) C S 
and set K := ker(iV'(x) C and assume the following two conditions. 

(1) The vertical differential Ds\k : K ^ £x '\s surjective. 

(2) dip{x) : Ta;*B — > T^^^^-^N is surjective. 

Then 'i^(a;)|kerDs(x) • kerL's(x) T^jf^^-^N is surjective. 

Proof. We fix ^ G T^,(^)A^. Condition (2) implies that there exists r/ G TxS satisfying 
dtp{x)ri = ^. Condition (1) implies that there exists ( G K C T^S satisfying Ds{x)C, = Ds{s)rj. 
We set T := rj — C, and compute 

Ds{x)t = Ds{x)rj - Ds{x)C = 
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thus, r S kev Ds{x). Moreover, 

dip{x)T = dijj{x)ri — dip{x)C = dijj{x)ri = ^. 

=0 

This proves the lemma. □ 
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